from Bristol says: 'I am considering the possibility of inviting a young German Jewish mathematician to take a temporary position.' He mentions Heilbronn, following a recommendation by Harold Bohr, and adds that he has asked the Jewish community in Bristol to help raise .£200 p.a. 'Can the A.A.C. help?' Reply on 10 November: 'Our annual grant is ,£182'-plus a conditional offer of considering a small supplement if most of the ,£182 can be raised locally. On 29 November another letter from Hasse: 'The Jewish community will give £75 for three years'-so he needs another ,£ reply recorded. Then on 11 December, Hasse once more with better news: 'I now have promises for a further ,£65 p.a. mainly from university colleagues', with hopes for more. It is not clear where the balance came from, but in any case Heilbronn got his invitation.
Heilbronn's stay in Bristol extended over nearly a year and a half. During this period he sprang into mathematical prominence with his proof of the Gauss conjecture on class numbers of imaginary quadratic fields (see paper 7). The scholarship in Bristol was, of course, only a temporary one, and one sees the ever-helpful Hasse raising the question of a more permanent position for the refugee, although, as he explains, he would like to keep him in Bristol for good. It seems that at the end of 1934 Mordell came forward with the offer of a two-year scholarship in Manchester, and Heilbronn did indeed spend some time in Mordell's department. In May 1935, however, he was awarded the Bevan Fellowship at Trinity and some time afterwards he moved to Cambridge. It is fairly clear that Hardy was the prime mover behind the award. There are several letters of Hardy's in the A.A.C. files singling out Heilbronn for special support, and this to be given 'here' (i.e. in Cambridge) 'or in Oxford, not Canada or Australia'. Hardy continued to keep a benevolent eye on Heilbronn over many years, in particular again intervening on his behalf in 1940, when the need arose.
Heilbronn soon put down roots in Cambridge. He brought his parents and his sister over from Germany. Their house in Cambridge remained his true home base for many years, even after the war when he had taken up a chair in Bristol. Patrick Duval, in a recent letter, probably best sums up Heilbronn's personality and life pattern in those days.
'I met him when he first came to Cambridge, some years before the war: probably we were introduced by Davenport, but I 'm not sure of that. He was I think rather shy, and not easy to get to know quickly. My mother lived in Cambridge then, and he went to tea with her once while I was abroad (it must have been 1935 I suppose); she wrote to me quoting Dr Johnson, " His intellect is as exalted as his stature; I am half afraid of him, yet he is no less amiable than formidable." This seems to me to give a very good impression of him in those days. After he got his parents and sister out of Germany, and settled them in a house in Chesterton Rd, we became very friendly; I was often at their house, and they used to come to ours. His mother was very musical, collected a circle of refugee musicians, and used often to give musical parties; she 122 herself was an excellent pianist. I was at many of these parties; they rather bored Hans, who had no interest in music, but he was present at many of them, as a very correct and attentive host.' Heilbronn's complete lack of gift or sympathy for music was well known among his friends, although for a short while in 1951 there seems to have been an attempt to redeem himself when he writes to Harold Davenport 'My latest vice is playing simple tunes on a children's flute. It made my family very depressed at times, but the dog tolerated it stoically.' The Cambridge period also saw the beginning of the close collaboration with Harold Davenport. Altogether ten papers appeared under their joint names, the first in 1936 and the last in 1971 after Davenport's death. Being geographically separated most of the time after 1937, this collaboration was partly carried on by numerous letters and postcards. Heilbronn and Davenport became lifelong friends and their correspondence covers not only mathematics, but personal news, university politics, the British government, administrative problems and much else besides. Anne Davenport recalls:
'For many years, starting before the war and going on through the war when possible and after, till at least 1954-I think till 1957 or '58-Heilbronn and Harold went on a week's walking holiday-usually in the Easter vacation. They used to go off by car till they found a suitable place and they then spent the days walking or maybe rowing. Once they discovered Hartland, Devon, they often returned there. The walks got shorter with the years. All kinds of things were discussed-I think a detective story was planned-but there were also long companionable silences.' Heilbronn and Davenport had many interests in common and showed a similar outlook in many spheres. Both were staunchly conservative. Later on, in the late fifties and early sixties, they were to launch jointly an energetic campaign against indiscriminate, rapid university expansion, being worried by the dangers of falling standards and the difficulties of recruiting sufficient new academic staff in mathematics of the right quality.
To return to events in chronological order, after the beginning of the war Heilbronn threw himself with characteristic vigour into the task of organizing Trinity's A.R.P. Fire Service, and he even succeeded, in order to facilitate fire fighting, in getting a door opened between Trinity and St John's. To quote the junior bursar of Trinity in a letter written on his behalf in 1940, as Heilbronn was legally a foreigner this was 'the only effective expression of his loyalty to his country which circumstances allowed him'.
In 1940 when the Bevan Fellowship expired, the College Council at Trinity resolved to continue Heilbronn's salary and rights. Other events, however, intervened. Heilbronn had actually applied for British citizenship in April 1939, but because of the war his naturalization was to be delayed until October 1946 . Thus, when the crisis of 1940 came, he, like many other staunchly anti-Nazi refugees, found himself interned as an 'enemy alien'. This he deeply resented. Like many other 'friendly enemy aliens' he had to wait I remember the shock it gave our colleagues when my wife and I both automatically called him Hans; no one had dreamed of such a familiarity; but by the time we left the whole Department was following our example; and I believe basically he was glad of this, and I 'm sure the whole atmosphere became much easier as a result. I have a feeling he wanted to be popular, but found it uphill work. He delighted in hospitality, and used to give good dinner parties. 'He was very keen on all kinds of sport, especially rowing and tennis. In interviewing students for admission he always asked about their sporting interests, and was unfavourably impressed if they had none.' Duval then refers to the duelling scar which we have already mentioned and continues:
'The whole time that he was professor in Bristol, he was also coach of the University Boat Club, and worked really hard at this. After I went to London, when rowing students had to take exams during Henley week, he got me to arrange for them to sit under my invigilation in U.C. Several years running, after we had left Bristol, he entertained my wife (also a tennis fan) on a very hospitable scale for the week of the Bristol tennis tournament.' Heilbronn's fondness of children is stressed in a letter from Anne Daven port, and she also recalls his formality of manner.
'When at University College London [in 1945] Hans stayed regularly at least one night a week with us. It was still "Heilbronn" and "Davenport" . I got tired to asking " Will you have . . . Dr Heilbronn" and when it became Professor Heilbronn I went on strike. I announced that I was going to call him Hans-he was rather taken aback and asked what he was to do. Only then did the two men get onto first name terms.' During his tenure of the chair of pure mathematics, Heilbronn built up an excellent department in Bristol. He seems to have had his ear to the ground, for example, using his long stays in Cambridge to get to know of the brightest graduates and using his mastery of committees to secure Bristol lectureships for them. Among the appointments for which he was responsible were those of J. C. Shepherdson (at least indirectly), D. A. Burgess, C. Davis, C. Hooley, J. M. Marstrand and E. R. Reifenberg.
During this Bristol period Heilbronn exerted a major influence on mathe maticians of the younger generation, which goes well beyond what has become apparent in the printed word. Some measure of his success is the number of former colleagues or students who now hold senior positions.
J. C. Shepherdson, who was to succeed Heilbronn to the chair of pure mathematics and who has made his name in mathematical logic, actually wrote his first paper on a number theoretic problem, suggested by Heilbronn (Shepherdson 1947) . This was subsequently superseded by results of H. B. Mann.
One of us, as his research student in the late forties, was introduced by Heilbronn into algebraic number theory, in those days a topic which distinctly lacked popularity in Great Britain. Heilbronn's suggestion of a thesis subject was based on his idea that one could gain information on the ideal class group by viewing it as a module over the Galois group. This approach has nowadays found many adherents, but in those days it was rather novel. In this instance it led in particular to the determination of all absolutely Abelian fields whose degree was a power of prime / and whose class number was not divisible by / (Frohlich 1954a (Frohlich , 1955 , and to a criterion for the genus of a cyclic field of degree lr to have a class number prime to l (Frohlich 1954b) . Although Heilbronn himself never published anything on this topic of ideal class groups, it interested him deeply and he kept on coming back to it. He suggested problems in this area again to his last Ph.D. student in Toronto, T. Callahan, who has since published papers on this subject (Callahan 1974a (Callahan , b, 1976 .
To return to the fifties and to Bristol, many other members of the depart ment, notably the number theoreticians, were stimulated by Heilbronn and helped by his active interest in their work. He was always accessible. His manner was most direct and his intellectual honesty did not allow him to pass over in politeness whatever he felt was below standard. But although some may have found him a bit frightening at first acquaintance, he was a kind and modest man, who entirely lacked pomposity or aggressiveness.
In the late fifties developments in universities began to worry Heilbronn, and he became increasingly upset by what, in his eyes, were wrong decisions, both nationally and locally. As already noted earlier, he was entirely out of sympathy with academic policy and government planning in the Robbins period, and he spent a great deal of time and energy in trying to convince Biographical Memoirs policy makers and colleagues of the dangers he saw ahead. It must have been a very frustrating time for him. In Bristol University he had always been a vigorous champion of his department. He had fought many battles, won some and lost some. Late in 1962 he began to feel that he had been let down, and with characteristic uncompromising directness he submitted his resignation in April 1963. At that stage he had no definite idea where he would go, but this did not seem to worry him at all. He left the university in March 1964. Heilbronn's decision was deeply regretted by all his departmental colleagues. But the effect of his resignation on himself was wholly to the good. He behaved like a man suddenly released from captivity. Whereas during the last few years before, it had become increasingly difficult to have a mathe matical conversation with him, in the face of his preoccupation with policy problems and administrative irritations, he suddenly wanted to talk again and listen again, and he was once more full of ideas.
The year 1964 also saw a new departure in Heilbronn's personal life. In March he married Mrs Dorothy Greaves, who had been widowed some years earlier and whom he had met in Cambridge. They both shared in particular a passion for bridge. This had indeed become Heilbronn's principal relaxation and one was told that he was an expert at the game.
After leaving Bristol Heilbronn, with his wife, first spent some time at the California Institute of Technology at Pasadena, following an invitation from Olga Taussky-Todd, an old friend and colleague. Later that year the couple settled down in Toronto, where he had accepted the offer of a chair at the university. Heilbronn had spent some time 24 years earlier in Canada, then as visiting professor at the University of British Columbia, Vancouver. He now found it quite easy to settle down permanently in Canada and he eventually took out Canadian citizenship in 1970. The couple left their mark, both among their friends at bridge and among their friends in the university, and the many mathematical visitors who came through and experienced their generous hospitality.
Mathematically Toronto gained a great deal from Heilbronn's presence. He found some number theoreticians in Toronto, notably John Chalk whom he had first met in 1945 at University College. With great vigour and drive he built up an active research school, supervising a number of Ph.Ds, and running seminars and study groups at which he took the major part in presenting new developments in his own way. According to the participants, the lecture courses he gave on various classical topics or recent advances in algebraic number theory contained new ideas as regards approach and presentation, but none of this was ever published.
Heilbronn also took an active part in the wider mathematical life of Canada. Heilbronn's robust health took its first setback in the fifties, when he developed a peptic ulcer. When, after some time, he was categorically for bidden wine, he distributed his excellent cellar among his friends. In November 1973 he had a heart attack. Although he did recover, he nevertheless lost some of his driving energy, and his physical activities had to be curtailed. He continued, however, to play an active role in the life of the department in Toronto, and was scarcely absent from his office for even a day. He had become intensely interested in the history of the transcontinental railroad system in Canada, and in summer 1964 he and one of us, together with our wives, travelled across the continent to Vancouver by rail, Heilbronn at each stage explaining some interesting local aspect or anecdote connected with the original construction. On 28 April 1975 Heilbronn died during an operation to implant a pacemaker.
Heilbronn was a member of the London Mathematical Society, serving on its council for many years. In his first paper (1) he shows that the number P(£) of primes represented by an integral polynomial f(x) for integral x, Q <x<£, satisfies the estimate P (£ ) = 0 (|/ln £ ). Previously only Nagell's weaker P ( |) = o(|) was known. For this he used a formulation of Brun's sieve which had recently been given by Landau and doubtless the problem was suggested by him. Subsequent workers have obtained more information about the constant implied by the O (see Halberstam-Richert 1974, especially § §5, 6 ), but presumably the O cannot be replaced by o.
The second paper (2) is Heilbronn's doctoral dissertation. In 1930 Hoheisel had proved the existence of a 9 < 1 such that for all larg such that x < p < x + x 9; and indeed that the number of such p is asymp totically ^/ln x . Heilbronn's method is simpler than Hoheisel's and he applies it also to primes in arithmetic progressions and to estimates of the sum of the Mobius function. The value for 6 obtained by Hoheisel, namely Biographical Memoirs 1 -(3300)-1+ e, is very near 1 and Heilbronn's is distinctly better: 1 -(250)_1+ e. Subsequently improved values of 6 were obtained by a number of workers, the main milestones being f + s (Ingham 1937), f 4- (Montgomery 1971 , eh. 14, where there is an historical discussion) and y i + s (Huxley 1972a, b, ch. 28) , the best to date: for primes in arithmetic progressions, see also Gallagher (1972) .
The three papers written together with Landau (3,4,5) deal with applications and improved proofs of Tauberian theorems, in particular what is now known as the Landau-Ikehara theorem (for the modern context see H. R. Pitt 1958 , especially §6.1). The only other paper from the Gottingen period is a simple proof of a strong form of Cauchy's theorem (6).
(b) The class-number of imaginary quadratic fields (papers 7, 8, 16, 19) Soon after his arrival in Britain, Heilbronn made a considerable stir in the mathematical world by proving a long-standing conjecture of Gauss. This was that
is the class-number of the quadratic number-fie discriminant* d. Already before 1918 Hecke had shown that (i) would follow from an extended Riemann hypothesis. In 1933 Deuring had proved the unexpected result that the falsity of the (ordinary) Riemann hypothesis implies that h{d)^ 2 for all large enough d and in a manuscript which was available to Heilbronn but only published subsequently Mordell (1934) had extended Deuring's argument to show that the falsity of the Riemann hypothesis implies (i). What Heilbronn does in 7 is to show more generally that the falsity of the generalized Riemann hypothesis used by Hecke implies (i). It follows ( t e rt i u m n o n datur) that (i) is true unconditionally. Quite shortly afterwards Siegel (1935) gave the explicit estimate
together with a corresponding theorem for 0 (i.e. for real quadratic fields) involving the regulator with simple proof. An appropriate generalization to fields of any degree was obtained by Brauer (1950) .
Numerical evidence strongly suggested that there are at most nine negative values of d for which h{d) = 1 , namely -3 , -4 , -7 , -8, -1 1 , -1 9 , -4 3 , -6 7 , -1 6 3 . (Heegner 1952 ) but the contemporary mathe matical consensus was that the paper was wrong-headed and the problem remained until practically simultaneously Stark (1967a) showed that the additional d did not exist and Baker (1966) gave a general theorem which could be applied to this and to many other problems. A subsequent examination of Heegner's paper showed that it gave, in fact, a viable approach (Birch 1968 , Deuring 1968 , Siegel 1968 , Stark 1975b ). For later developments see A. Baker (1975, especially ch. 5) . For an ineffective generalization of the Heilbronn-Linfoot paper see Tatuzawa (1951) . The two papers 7 and 8 just discussed were both, apparently, written in the brief period after Heilbronn left Germany when he was at Bristol. The later and minor paper 19 supplies a neat proof of a formula which plays a key role in the generalization by Siegel (1935) of 7.
Paper 16 comes into the same circle of ideas. It neatly disproves a con jecture of Chowla about iterated character sums which, by the result of Hecke mentioned above, would have given good estimates for the classnumber of imaginary quadratic fields. (For later related work see Selberg& Chowla 1967 and Bateman et al. 1975.) (c) Analytic number theory (papers 9-15, 18, 21, 40) In 1934 and 1935 the Russian mathematician I. M. Vinogradov published a number of difficult and obscure papers giving vastly superior estimates in Waring's problem to those which had been obtained by Hardy and Littlewood. In 9, which appeared shortly after Heilbronn had taken up his fellow ships at Trinity, he simplified Vinogradov's method substantially and some what improved the estimates generally. This was followed shortly by four papers with Davenport on specific problems of the Waring type (13 is a technical lemma; 12, on sums of fourth powers, was subsequently superseded by Davenport 1939; 14 is on sums of two cubes and a square, cf. Roth 1949;  and 15 is on the sum of a prime and a &th power).
Schnirelmann had shown that there is some constant c such that every sufficiently large integer n is the sum of at most c prime numbers and in 18 Heilbronn, Landau & Scherk show that = 71 is an admissible value. This was a very substantial improvement over existing estimates but was rapidly superseded by Vinogradov (1937) who showed that every sufficiently large odd integer is the sum of at most three primes ('Goldbach's theorem', see also Vinogradov 1954 Vinogradov , 1971 .
The papers 10 and 11 both written in collaboration with Davenport go in a rather different direction. Let Q(x,y) = 2 + bxy + be a definite quadratic form with integral coefficients a, b, c and discrim Epstein zeta-function is defined by (a?,2/)=t=(0>0)
x,y integral
When the class-number
is indeed a De function with an Euler product; in particular it can have no zeros in 91s> 1 (and a 'generalized Riemann Hypothesis' conjectures that the non-trivial zeros are all on 91s = |). Potter and Titchmarsh had shown that, whatever the value of h ( -d) , there are always infinitely many zeros on s = In these two papers it is shown that if /z( -d) # 1 there are always infinitely many zeros in 91s > 1 and so any presumed Riemann hypothesis fails spectacularly (for later information on the zeros of Epstein's zeta-functions see Stark 1967b) . In 10 Davenport and Heilbronn also consider the function £(s, = 2n=o(w + tf)-s defined for any real a > 0. For < 2=1 this is Riemann's zeta-function has no zeros in 91s> 1. They show that if a # 1 is rational or if a is trans cendental then again there are infinitely many zeros in 91s > 1. (Their method was extended by Cassels (1961) to cover the remaining case: a algebraic.)
All the papers mentioned so far in this section date from Heilbronn's Trinity period. Paper 21 was written with Davenport after the war and is rather different in nature. Let Ax, ..., A5 be non-zero real numbers. Then it is shown that 2 | =1A j X jt akes arbitrarily small values for integral values of th variables (not all zero). When the ratios \ J \ j are all rational this is a special case of a classical theorem of Meyer so they can assume that, say, Ax/A2 is irrational. This is dealt with by an elegantly simple modification of the Waring problem techniques. The result was the beginning of a large programme by Davenport and others on small values taken by quadratic forms (and, later, by forms of higher degree); but in this Heilbronn took no part.
At the very end of his life Heilbronn returned to the zeros of ^-functions in paper 40. If £c(s) *s the zeta-function of the algebraic field C then it is classical that the residue ka t s = 1 sat absolute discriminant, unless there is a real zero with s0 < 1 (which would, of course, contradict the generalized Riemann hypothesis). In certain cases L. Goldstein and J. Sunley had obtained effective estimates for k by essentially algebraic techniques. In 40 using techniques of Brauer and the analytic theory of the Artin L-function Heilbronn shows quite generally that the problem of the existence of such an s0 reduces to the corresponding problem for quadratic number fields. Following up this approach, Stark (1974 Stark ( , 1975a obtains the striking consequence that the Brauer-Siegel theorem about the magnitude of the class numbers of algebraic number fields can be made effective in a large number of cases.
(d) Euclidean algorithm
In 20, written during the Trinity period, Heilbronn showed that there are only finitely many real quadratic fields with a euclidean algorithm. Partial results had been obtained by a number of mathematicians: in particular Erdos and Chao Ko had disposed of the case when the discriminant is prime and Heilbronn's proof is based on theirs. The estimates were such that it was hopeless to attempt to enumerate all the euclidean real quadratic fields, or at least it was not attempted.
After the war Davenport invented a new approach based on ideas of the Geometry of Numbers which gave a much better estimate of the discriminants of euclidean real fields and so enabled them all to be determined. Davenport's geometrical approach also showed the finiteness of the number of euclidean fields of two other types: non-totally real cubic fields and totally complex quartic fields (i.e. whenever the group of units has rank 1). (See Davenport 1950a , b, 1951 or Cassels 1952 for a slightly different treatment.) It appears that these are the only types of field that can be dealt with by geometric methods. At about the same time Heilbronn returned to the problem and showed (26, 27) that his method applied to cyclic cubic fields (which, being totally real, are not covered by Davenport's results) and, more generally, for a wide class of cyclic fields. (For numerical results see Smith 1969 .) This approach has not been carried further and it apparently remains an open question in general whether a given type of algebraic number field contains infinitely many fields with a euclidean algorithm. (It should perhaps be remarked that the term 'euclidean algorithm' here refers always to that using the norm function. The general type of algorithm discussed recently by Samuel and others raises entirely different problems.) (e) Geometry of numbers (papers 22, 23) Both of these were written with Davenport. The first is rather special and discusses the minimum of | (ocx + \ fry) integral x,y, z, t satisfying x t -y z = ± 1. It is s are 'isolated' and correspond to the first two minima of the Markoff chain but that then the spectrum has a limit point. The methods are more or less standard.
The result of 23 is more interesting, though the techniques are equally standard. Let £, r] be linear forms in variables u, v with determinant ^ 0 and let A, /u, be real numbers. Then it is shown that there are integral values of the variables such that £ + A^0, 7 7 + jLt^O, (f + A)(, + M) < |J |.
It is shown that this statement becomes false if | | i n (iii) is replaced by k| A| with any k < 1 and there is an examination of various special c theorem was generalized to n dimensions by Chalk (1947) and Macbeath (1952) gave a further generalization.
( /) Miscellaneous Paper 17 proves an inequality which is, apparently, motivated by problems of additive number theory and 24 discusses a generalization of harmonic functions to real-valued functions defined on the integral two-dimensional lattice.
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In 25 it is shown that for every 7 7 > 0 there is a C ( rj) > 0 with the following property: for every real 6 and for every integer 1 there exist integers n,g such that
A weaker form with § instead of ^ in the exponent had been obtained already in 1927 by Vinogradov, and Heilbronn's proof is similar in general shape but depends on a more delicate analysis of the remainder term. Heilbronn raises the question whether the \ in the exponent is best-possible but no progress has been made here. The paper did, however, spark off a series of generalizations in other directions (Davenport 1967 , several papers by Danicic, e.g. 1959 , 1967 , and Cook, e.g. 1972 , Liu 1974 ).
Paper 28 arose from work of Frohlich (1954b) on cyclic fields whose degree is a power of a prime /. He obtained necessary and sufficient conditions for the class number of the principal genus to be prime to /. These conditions are in terms of the mutual congruence behaviour of the discriminant prime divisors and in 28 Heilbronn deals with the density of, say, pairs of primes with given mutual congruence behaviour. The actual consequences for cyclic fields have never been stated explicitly.
Paper 29 ) and a continuous function g(x), both defined on A, such that f(x ) = F(x) e9ix) and there is some discussion the problem of when every homotopy class of maps from one set A of the complex plane to another such set contains a map given by a regular function.
Paper 31 is similarly a response to a problem. It is well known that every rational x >0 can be put in the shape x = yl+yl+yl+yl, where y l f ...,y 4 are rational. Heilbronn shows by a rather elaborate argument that the y jcan be chosen in such a way that they are continuous functions of x : indeed there are integral functions such that 2 = 1 and y j = x 5 fj(x) is rational whenever x is rational. There is a rather weaker theorem for sums of higher powers.
Paper 32 with Erdos discusses the number F of solutions of a congruence Paper 36 is concerned with the length n(a) = nN(a) of the continued fraction for ajN where the integer iV> 1 is given and a is prime to N. It is shown that the average value of n(a) is asymptotic to 127r-2 (ln2)(lniV). The error term was subsequently improved by Porter (1975) . The detailed argument of 36 was used by Manin (1972) for the computation of his 'modular symbols'. See also Yao & Knuth (1975). 132 Although 38 was published only in 1969 the work which it records had been done much earlier. Davenport and Heilbronn had obtained estimates for the numbers of cubic fields (for the two cases: totally real and otherwise) whose discriminants were below a given bound but, as they could not obtain results as precise as they had hoped, the work was put on one side. When Davenport was on the point of death Heilbronn must have felt that the results should be recorded and wrote 38. This impelled him to consider the problem again and the more precise results of 39, although published over the joint names, were not in fact discovered until after Davenport's death. There is one intriguing result for the non-cyclic cubic fields which might possibly hint at a quite general phenomenon. Except for the finite number of primes dividing the discriminant a rational prime p can have one of three possible decomposition patterns in such a field k. It is shown that (roughly speaking) the relative densities of the fields k in which a given prime p has each of these three behaviours are the same as the densities of the sets of primes p when the field k is kept fixed.
The other papers call for no special comment. 
